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A user’s guide: The Adams-Novikov FEs-term for
Behrens’ spectrum (2) at the prime 3

Don Larson

1. Key insights and central organizing principles

The goal of [Larl5] is to compute the Es-term of a spectral sequence that
converges to the homotopy groups of a spectrum called Q(2). This Es-term,
which I denote E5*Q(2), is tied to the stable homotopy groups of spheres ,.S.
The latter are known more briefly as the stable stems. You could say there are
“six degrees of separation” between E;"*Q(2) and the stable stems, because:

(1) E5*Q(2) approximates m.Q(2) via the spectral sequence,

(2) m.Q(2) is the source of a homomorphism to 7. L 2)Q(2) (Where Ly (2
is localization at the 2nd Morava K-theory at the prime 3),

(3) MLk (2)Q(2) is in a lLe.s. of homotopy groups with 7.Lg2)S arising
from a cofiber sequence,

(4) meLf(2)S is the target of a homomorphism from 7,L2S arising from a
homotopy pullback square (where L is localization at the 2nd Johnson-
Wilson theory E(2) at the prime 3),

(5) meLaS is a second-order approximation to m.S ® Zg by the Chromatic
Convergence Theorem of Hopkins and Ravenel, and

(6) .S ®Zs approximates .S just as looking at the 3-torsion of any group
gives you some information about that group.

So, my computation is in the same mathematical neighborhood as .S, if
only at the outskirts, and that’s an exciting place to livel Even more exciting
is the surprising role that number theory plays in this computation and in the
study of the stable stems in general. One of the bridges connecting number
theory and homotopy theory is a spectrum known as topological modular forms,
which happens to be a key ingredient in the construction of Q(2). As a result,
the organizational structure of my computation is governed completely by elliptic
curves, modular forms, and certain maneuvers one can make with them. One
such maneuver underlying the construction of Q(2) is a degree 2 isogeny between
elliptic curves (i.e., a surjective morphism with a kernel of size 2), which is why
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the “2” appears in the notation for )(2). By contrast, the “2” in K(2) and F(2)
refers to chromatic level, an idea to be explored later in this user’s guide.

Although the notation does not indicate it, the spectrum Q(2) is, for our
purposes, linked specifically to the prime 3 as the above list indicates. However,
it is one of an infinite family of “Q-spectra” {Q(¢)} obtained by letting the
prime p and the isogeny degree £ vary. These spectra were constructed by Mark
Behrens [BehO06] in order to shed light on the p-torsion of the stable stems at
all different primes p. We shall see that different things are known about a given
Q(¢) depending on the values of p and /.

1.1. From the Steenrod algebra to BP-theory and elliptic curves.
The starting point of my computation is a Hopf algebroid, a certain algebraic
structure. The classical Adams spectral sequence starts with an object of a
similar algebraic nature, so let’s begin there.

Let p be a prime and let A, denote the mod p dual Steenrod algebra. The
pair (Fp, A,) forms a Hopf algebra over F,. One interpretation of this Hopf
algebra structure is to say that, for an [Fj-algebra T, the sets Homg, (IF,,T)
and Homp, (A4, T) are the objects and morphisms, respectively, of a category.
The well-known coproduct A : A, — A, ®F, A, corresponds to composition of
morphisms. Mind you, the category in this case is not exciting, for it only has
one object! But it turns out that all morphisms are invertible. In other words,
the category is really just a group with the obvious map 7 : F, — A, (called the
unit map) corresponding to the group’s unit element. On the category level, n
“picks out” from a given morphism the single object that acts as both its source
and target. The Hopf algebra cohomology of (IF,,, A,) is precisely the cohomology
of the cobar complex

Fp 5 Ay - Ai@ Ay > AL @A Q Ay — -

constituting the Ea-term for the Adams spectral sequence converging to m,.S®Z,.

Passing from the classical Adams spectral sequence to a tool involving an
exotic cohomology theory, such as the Adams-Novikov spectral sequence (ANSS)
based on B P-theory [Rav86], means changing the input format from a Hopf alge-
bra to something slightly more general. The pair of Z,)-algebras (B Py, BP.BP)
has the property that, given a Z,-algebra T, the sets HomZ(p)(BP*,T) and
Homy, (BP.BP,T) are the objects and morphisms of a category. All morphisms
are once again invertible. This time, though, there is the potential for more than
one object, which means the category is a groupoid. So the pair is called a Hopf
algebroid rather than a Hopf algebra. Appropriate, no? Since in this case one
can “pick out” either the source or target of a morphism as they are generally
different, there are two distinct structure maps ng,nr : BP, — BP.BP, the
right and left units. The algebra BP,BP is a left BP,-module via n; and a
right BP,-module via ngr. The Hopf algebroid cohomology of (BP,, BP,BP) is
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precisely the cohomology of the cobar complex

Bp, 2 pp.BP — BP,BP ® BP,BP — - --

that constitutes the Es-term for the ANSS converging to m.S ® Z,. For an
arbitrary spectrum X in place of the sphere S, the ANSS input would be BP,(X)
instead of BP,(S) = BP,, and the target would be m, X ® Zp)-

The spectrum of topological modular forms TMF' is an object (depending
on p) whose homotopy groups m.T'MF can be interpreted collectively as a re-
finement of modular forms over Z,), hence the name. We shall now see why this
interpretation is reasonable.

For the remainder of this section let’s fix p = 3, as that is the setting for my
computation. The ANSS for X = TMF rather than X = S has as its Es-term
the cohomology of a Hopf algebroid over Zs) that I denote (B,T), where

B = Z3)lq2, 1, A7/ (A = ¢3 (1645 — 64q4)),
I'= B[r]/(r® + qar® + qar).

For fixed values of go and g4 the equation y? = 4x(2? + gax + q4) is a Weierstrass
equation for a non-singular elliptic curve, and for a fixed r the map « — = + r
is an elliptic curve isomorphism that preserves this particular Weierstrass form
[Sil09]. Therefore, the groupoid obtained by mapping into a Zs)-algebra T' has
certain elliptic curves over T as its objects, and isomorphisms z — x + r as its
morphisms.

Modular forms enter the picture because B itself is the ring of modular forms
over Zs) with respect to the congruence subgroup I'0(2) C SL(2,Z) [DS05].
Moreover, the ANSS FEs-term for TM F' is the cohomology of the cobar complex

(1) BT 5Tl - I@lel — -
and a classical computation shows that the Oth cohomology (i.e., ker(ng — 1))
has the form

MF = Z)[ca, c, A, A7/ (1728A = ¢ — cf)

which is precisely the ring of modular forms over Z ) with respect to the full
modular group SL(2,Z). By the time one arrives at m,T M F one sees many of
these modular forms in one guise or another (e.g., there is a homotopy class
corresponding to a multiple of A) plus other stuff. The complete computation of
m T MF is due originally to Hopkins and Miller and is beautifully described in
expository works by Tilman Bauer [Bau08], Akhil Mathew [Mat], and Andre
Henriques [Hen).

The spectrum T'MF has several close cousins, one of which has as its un-
derlying Hopf algebroid the pair (B, B) where ng = ny = 1 (an example of a
“trivial” Hopf algebroid). In this case each elliptic curve C' from the groupoid
comes with the additional datum of a choice of order 2 subgroup H, and no
morphism x — x + r can preserve this choice. The ANSS collapses at Fo and
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the homotopy groups are described by the graded algebra B itself (the grading
of an element determines its degree in homotopy). This spectrum is denoted
TMFy(2).

Key IDEA 1.1. The spectra TMF and TMFy(2) are Ex-ring spectra, so
they receive a map from S and are therefore tied to m.S via the induced homo-
morphism on homotopy. Moreover, their homotopy groups are fully computable
precisely because the algebras constituting their underlying Hopf algebroids are
finitely generated, as opposed to (F,, Ay) and (BP., BP,BP) whose full coho-
mologies (let alone m,S ® Zy,) will be forever out of reach.

1.2. Constructing Q(2). To tie the construction of (2) to something fa-
miliar, imagine an ordered 2-simplex with vertices V' = {vg,v1,v2} as shown
in Figure 1. Let F denote the set of its edges and F' denote the singleton set
consisting of its one and only two-dimensional face f. [For technical reasons, E
and F actually contain additional phantom elements that are safely ignored—see
the second paragraph after this one.] There are two collections of “face” maps

L

FIGURE 1. An ordered 2-simplex.

attached to this structure: the first is a triple dy,d1,ds : F — E where d;(f)
is the edge opposite v;; the second is a pair dy,d; : E — V (a blatant abuse of
notation) where d; sends an edge to the vertex opposite its i-th one. Face maps
can be composed and they satisfy identities that are straightforward but tedious
to write down. We can sum this up with a diagram

(2) V=—F=——F

displaying the two collections of face maps.

Now imagine applying the free abelian group functor Free(—) to (2), in which
case one might denote Free(d;) by J;. Because the maps d; are group homomor-
phisms, they can be added or subtracted as long as they share the same source
and target. For example, taking a cue from basic homology, one might take
alternating sums of the d;, yielding

(3) Free(V) <= Free(E) & Free(F)
where the doubly thick arrow < represents §y — d1 and the triply thick arrow &
represents 00 — 61 4 52,

Diagrams (2) and (3) are each examples of a simplicial set (the latter having
the additional structure of a simplicial free abelian group) that I hope demonstrate
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that such objects are natural. They happen to contain interesting stuff only in
dimensions 0, 1, and 2. In general, simplicial sets can have interesting higher-
dimensional stuff, and they also (always) have “degeneracy” maps that go in
the direction opposite to the face maps. One of the degeneracy maps in the 2-
simplex would send the vertex vy to the “degenerate” edge between vy and itself,
for example. [This degenerate edge at vg is one of the aforementioned phantom
elements.] However, this aspect of a simplicial structure is not relevant to my
computation.

The construction of Q(2) starts with a simplicial stack
(4) Moy <= My E M,

whose structure mirrors (2), but with sets replaced by stacks, hence its name.
[A moduli stack, or sometimes just stack, is an algebraic construction useful for
studying parametrized families of mathematical objects.] The M; are moduli
stacks of elliptic curves and the face maps between them are morphisms of stacks
(see below for more on the genesis of these morphisms). The doubly- and triply-
thick arrows once again denote alternating sums of the face maps. The precise
name for (4) is “semi-simplicial stack,” because there are no degeneracy maps in
the data, and that is what the prefix “semi-" indicates in this context.

The semi-simplicial stack (4) can be realized topologically. This means there
is a functor (contravariant, so arrows get turned around) that takes the diagram of
stacks above, to a diagram of spectra. The result is a semi-cosimplicial spectrum

(5) TMF = TMFy(2) vV TMF = TMFy(2).

made from the spectra TMF and T'M Fj(2) introduced in the previous subsec-
tion. This time, = and = denote alternating sums of coface maps, and the prefix
“semi-" indicates that there are no codegeneracy maps in the data.

The spectrum Q(2) is the homotopy limit of the diagram (5).

1.3. The ANSS for Q(2). Recall that the ANSS inputs for TMF and
TMFy(2) are the cohomologies of their respective Hopf algebroids (B,I") and
(B, B). The key organizing principle of my paper is the ability to pass covariantly
from (5) (or contravariantly from (4)) to a diagram of underlying Hopf algebroids

(6) (B,I') = (B,B) & (B,I') = (B, B)
where = and = are alternating sums of Hopf algebroid maps.

KEY IDEA 1.2. Fach Hopf algebroid map in (6) encodes a certain maneu-
ver one can make with elliptic curves and their Weierstrass equations, and is
algebraically straightforward.

For example, one of the two maps TMF — TMF vV TMFy(2) is built from
amap TMF — TM Fy(2) which is underlain by a map of Hopf algebroids

¢y (B,T') = (B, B)
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that corresponds to “forgetting” the choice of order 2 subgroup within an elliptic
curve. The map ¢y is, in turn, induced by the algebra map I' — B that is the
identity on B and sends r to 0.

Given (5) and (6), it is plausible that E*Q(2) can be assembled from the
ANSS Es-terms for TM F and T'M Fy(2), and that is indeed the case. That allows
me to make my way from (6) to E5"Q(2) by first replacing each Hopf algebroid
in (6) by its cobar complex and multiplying the cobar complex differentials d for
(B,T) by —1 in the middle column. This yields a double complex

d 0®(—d) 0

rel — 0@l @ —0

(™) d 05(-a) 0
r 0@ T 0

d 0®(—d) 0

B Be& B B

where the horizontal maps are induced by the corresponding alternating sums
of Hopf algebroid maps in (6). The Es-term E3"Q(2) is the cohomology of the
totalization of (7).

1.4. Computing the ANSS for (2). The construction from the previous
subsection implies that F,*Q(2) is computable via the double complex spectral
sequence (DCSS) for (7). The first step in this DCSS is to take cohomology with
respect to the vertical arrows. If Ext™ denotes the n-th cohomology of (B,I")
(i.e., the n-th cohomology of the cobar complex (1)) by (which, by homological
algebra, is a sensible abbreviation) then, since Ext" 22 MF, this yields

Ext? Ext? 0
(8)

Ext! Ext! 0

MF—-B@®MF—=B

The next step in the DCSS is to take cohomology with respect to the hori-
zontal arrows in (8). Fortunately, much of this work is trivial.
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Key IDEA 1.3. The groups Ext™ are entirely 3-torsion for n > 1, and the
horizontal arrows in (8) are induced by Hopf algebroid maps that send polynomial
algebra generators to multiples of 3, hence identically zero. Therefore, the only
non-trivial computation in this step of the DCSS is the cohomology of the Oth row

9) MF —- B®MF — B.

Because there are only three columns of data in these diagrams, the DCSS
has only one additional step past measuring cohomology horizontally, after which
the DCSS stabilizes. This additional step requires that I compute the kernel and
the image of just a single map (i.e., DCSS differential) whose source is Ext! and
whose target is the cokernel of the map B @ M F — B from (9).

With a few isolated exceptions, I completely compute the DCSS and obtain
a presentation for Fy*Q(2) in my paper. The answer is a jungle of 3-torsion that
I will not reproduce here (see the main theorem of [Larl5]).

1.5. Why Q(2)? One key property of QQ(2) is the existence of a cofiber
sequence

(10) Li@2DQ(2) = Lg2)S — Lk 2)Q(2)
with the K (2)-localization of Q(2) on the far right and the K (2)-localization of
the Spanier-Whitehead dual of Q)(2) on the far left. This is a big reason why

mQ(2) is worth pursuing. For other values of p and ¢, analogous cofiber sequences
involving Q(¢) are only conjectured to exist.

The cofiber sequence (10) is not only a reason to study @(2), it is also a
reason why ((2) was built in the first place. It turns out that (10) (along with
its conjectured analogs for other p and /) is inspired by a pair of earlier results.
The first is a result of Adams/Baird and Ravenel that gives, at the prime 2 for
example, a cofiber sequence

(11) LK(l)S%KOg—}KOg

(here KOy is 2-adic real K-theory). The second is a result of Goerss, Henn,
Mahowald, and Rezk, at the prime 3 [GHMROS5]; namely, there exists a diagram

(12) Lg@)S — X1 — Xo = X5 = Xy = X5

that induces a tower of cofiber sequences with Lg()S at the top. Behrens’
construction of @(2) as a semi-cosimplicial object is a reinterpretation of the
machinery underlying (12) that is more in the spirit of (11) and more explicitly
number-theoretic. For example, T'M F appears in Goerss-Henn-Mahowald-Rezk
but is not identified outright as a number-theoretic object. It appears there in
the guise of a certain homotopy fixed point spectrum.
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